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Abstract. In hislost notebook, Ramanujan stated without proofs several beautiful identities for the three classical
Eisenstein series (in Ramanujan’s notati&(}y)), Q(q), and R(q). The identities are given in terms of certain
quotients of Dedekind eta-functions calldduptmodulsThese identities were first proved by S. Raghavan and
S.S. Rangachari, but their proofs used the theory of modular forms, with which Ramanujan was likely unfamiliar.

In this paper we prove all these identities by using classical methods which would have been well known to
Ramanujan. In fact, all our proofs use only results from Ramanujan’s notebooks.
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1. Introduction

The Eisenstein series in the title(q), Q(q), andR(q), are defined by

P =1— 24§: kof (1.1)
k=1 1- qk’
o0 kqu
Q(q) :=1+240) — 1.2)
=+
and
o0 k5 k
R@) = 1-504) 1_—qk (1.3)
k=1
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where|q| < 1. (The notation above is that used in Ramanujan’s paper [4], [6, pp. 136-162]

and in his lost notebook [7]. In his notebooks [5], Ramanujan replé&ed, and R by

L, M, andN, respectively.) On pages 44,50, 51, and 53 in his lost notebook [7], Ramanujan
offers 12 formulas for Eisenstein series. All are connected with modular equations of either
degree 5or7.

In awonderful paper [3] devoted to proving identities for Eisenstein series and incomplete
elliptic integrals in Ramanujan’s lost notebook, S. Raghavan and S. S. Rangachari employ
the theory of modular forms in establishing proofs for all of Ramanujan’s identities for
Eisenstein series. Most of the identities give representations for certain Eisenstein series in
terms of quotients of Dedekind eta-functions, or, more precisely, Hauptmoduls. The very
short proofs by Raghavan and Rangachari depend upon the finite dimensions of the spaces
of the relevant modular forms, and therefore upon showing that a sufficient number of
coefficients in the expansions abapt= 0 of both sides of the proposed identities agree.
Ramanujan evidently was unfamiliar with the theory of modular forms and most likely did
not discover the identities by comparing coefficients.

The purpose of this paper is therefore to construct proofs in the spirit of Ramanujan’s
work. In fact, our proofs depend only upon theorems found in Ramanujan’s notebooks [5].
Admittedly, some of our algebraic manipulations are rather laborious, and we resorted at
times toMathematica It is therefore clear to us that Ramanujan’s calculations, at least
in some cases, were more elegant than ours. We actually have devised two approaches.
In Sections 3 and 4, we use the two methods, respectively, to prove Ramanujan’s quintic
identities. At the end of Section 3, we prove a first order nonlinear “quintic” differential
equation of Ramanujan satisfied Byq). In Section 5, we use the second approach, which
is more constructive, to prove Ramanujan’s septic identities. The new parametrizations for
moduli of degree 7 in Section 5 appear to more useful than those givenin [1, pp. 316—324].
A subset of the authors plans to utilize these parametrizations in future work. Section 7 is
devoted to proving two new first order nonlinear “septic” differential equation®fop.

Page numbers placed after theorem numbers refer to their locations in the lost note-
book [7].

2. Preliminary results

As usual, set
@ Qoo =] [X—ad", lal <1,
n=0

Define, after Ramanujan,
f(=q) == (@ Do =€ 77?2, q=€"7 Imz>0, (2.1)

wheren denotes the Dedekind eta-function. We shall use the well-known transformation
formula [1, p. 43, Entry 27(iii)]

n(=1/2) = /z/i n(2). (2.2)
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If g=€*"2,Imz > 0, Q(q) and R(q) obey the well-known transformation formulas

[8, p. 136]
Qe /%) = Q") (2.3)
and
Re %% = 22R(e™?). (2.4)
Our proofs below depend upon modular equations. As usual, set
r k
@ i= o
and
LE1(@,b: c X) = i (‘(ii')‘iil)kxk, x| < 1.
Suppose that, for some positive integer
il E11-6) R ELe) 25
2F1(3. 31 11 B) 2F1(3. 31 L)
A modular equation of degraeis an equation involving andp that is induced by (2.5)
We often say thag has degree n over. Also set
1= 2R3, 5 L) and zyi= oFi(3 1L 8). (2.6)
Themultiplier mis defined by
z
= Z—i 2.7)
When
1 1.1.
q= EXp(—n F:Igf(%iglll;))())
andz= ;F1(3, 3; 1, x), we have the “evaluations
f(=a%) = vz272 (x(@ = x) /)", (2.8)
Q@) =Z' 1 —x+x%), (2.9)
and
R(@% = 221+ x)(1 — x/2)(1 — 2x). (2.10)
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These are, respectively, Entries 12(iii), 13(i), and 13(ii) in Chapter 17 of Ramanujan’s
second notebook [1, pp. 124, 126].
Next, we record some relations from the theory of modular equations of degree 5. Set

m=1+2p, O<p<2 (2.11)
and
o = (m® —2m? 4 5m)¥/2, (2.12)

Then [1, p. 284, Egs. (13.4) and (13.5)]

>\ 5p+m?+5m B\ p—m-1
) = o \a) T @GP
(1—0[)5 1/8_5p—m2—5m and (1_ﬂ)5 1/8_,0+m+l (2 14)
1- R - a2 1-« T4 '
Furthermore [1, p. 288, Entry 14(ii)]
2_ 5
Aa(1l—a) = p<1+2F|)o> (2.15)
and
2 —
48(1—p) = p5(1+ pr) . (2.16)

Also, from Entry 14(iii) in Chapter 19 of Ramanujan’s second notebook [1, p. 289]

14 p2\ Y2
1+2p) ’

1-286=(1+p— p2)< (2.17)

We also need two modular equations of degree 5 from Entry 13(iv) of Chapter 18 in
Ramanujan’s second notebook [1, p. 281], namely,

5014 _ 5\ 1/24
m=1+ 2“%%) (2.18)
and
5 (1 — a)5)1/24
i R/ A i it . 2.19
m=" < BA—P) (219)

For Section 4, we need several modular equations of degree 7 found in Entry 19(i), (ii),
(i), and (vii) of Ramanujan’s second notebook [1, pp. 314—-315]. Thys hs degree 7
overa andm is the multiplier of degree 7,
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@)P+{1l-a)@- )P =1, (2.20)
1—4(13;8:537)1/24
m=— , (2.21)
(@B)Y8 —{(1—a)(L— p)}/®
71—y \ /24
7 1- 4(%8—5 ) (2.22)
m  (af)¥8 - {(1—a)(1— p)}® '
N AN 7\ 1/8 12 _ ST
((11 _;(3; ) _ (%) _ m(1+(rxﬂ) +{<; 01— B) ) )
(oﬂ)l/s ((1—a>7>”8_ 7<1+(aﬂ)1/2+{(l—oz)(l—ﬂ)}l/Z)l/z 2.2
= - =— . (2.29)
B 1-8 m 2

and

m— % =2(@p)B— {1-a) A= BB+ @)Y+ {1 - )1 - p}YY. (2.25)

3. Quintic identities (First method)

Theorem 3.1(p. 50) For Q(qg) and f(—q) defined by(1.2)and(2.1), respectively,

f19(—q) 4 4 5 2 f19(—q°)
= ——— 4250 f4—q) f4(— 312 3.1
Q(m) f2(—q5)+ 0 f(—a) (=) + 3125 g (3.1)
and
f1%-a) f19%=g°)
5) — 100 f4(—q) f4(—q°) + 592 ) 3.2
Q) fz(_q5)+ 0qf*(—q) f*(—g”) + 5q g (3.2)

Proof: It is slightly advantageous to first prove (3.2) wighreplaced byg?. To prove
(3.2), we first write the right side of (3.2) as a functionmfwherep is defined by (2.11).

21290 _ q4z§2—1°/3(ﬂ<1 — B)/q°)%/
f2(—qg?) 22723 (a(1 - a)/q)®

. 243/3% <,35(1 — ,3)5>1/6
B m\ «(l—oa) ’

(3.3)
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whereg has degree 5 over, z; andzs are defined by (2.6), amd is the multiplier defined
by (2.7). Using (2.13), (2.14), (2.12), and (2.11) in (3.3), we find that

. flo(_qm) B 278/32_2 pz —(m+ 1)2 4/3
f2(—g2) m 16
_zm-1* _ zp*

2m 241+ 2p)’ (3.4)

Similarly, from (2.8), (2.7), (2.15), (2.16), and (2.11),

f6(—g? _m3<a(1—a>>1/2
q2f8(—ql%) ~  \BlL-pB)

_ 3_31&02_9iﬂ%£1f
- <p<1+2p> - e 9

Thus, from (3.4) and (3.5),

f10—ql0) / f1%(—g?) 8(—q?)

4

_Zpt (d+2pfR-p? (1+2p)2— p)?

= 21+ 2p) ( 0 LR * 5)
4

Z5 5 6
— % (16+32p-— 4

_ 4 p>(—2+ p)
_25<1+ 41+2p) )
Z(1-BA-p)

= Q@"),

q

where in the penultimate step we used (2.16), and in the last step utilized (2.9). This
completes the proof of (3.2).

To prove (3.1), we first rewrite (3.2) in terms of the Dedekind eta-function, defined in
(2.1). Accordingly,

10 12 6
5, 1 (52 1n(2) 1(2)
O ="r g ((n(5z)) HO(n(Sz)) +5)' (36)
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We now transform (3.6) by means of (2.2) and (2.3) to deduce that

n'%(-1/(52)) (z/i)
(5z/i)5  n2(—1/2)

5 <n(—1/2) V52T >12+10<77(—1/Z) V52T >6+5
JZJT 1(=1/(52)) JZJT 1(—=1/(52)) ’

(52)—4Q(e—2ﬂi/(52)) _

or

10 12 6
iy _ M-1/(52) 55< n(-1/2) ) 250( n(-1/2) ) .
QE™™) == —yey) T\ncyEy) T

10 10
5 1 (—1/2) 4 4 n=(—=1/(52))
=5— % 4 2504 (—1/(5 1 r=-A9e)
2(—1/(52)) + 25007 (—1/(52)n"(—1/2) + 2(—1/2)

If we setq=e27"/52 and use (2.1), the last equality takes the shape (3.1), and so this
completes the proof of (3.1). O

Theorem 3.2(p. 51) For f(—q) and R(q) defined by2.1) and(1.3), respectively,

f15 _
R@) = (ﬁ;‘% — 5003 f9(—q) £ 3(—q°) — 1562857 £ (—q) f9<—q5>)

6 5 flz 5
x\/1+22q fs(( D 4 1052 flz(( G('q)) 3.7)

and

f15
R(@®) = <f3(( D | aqfo—a) 13" — g f3(—q)f9(—q5))

f6 A5 f12 A5
« \/ 1422 fﬁ((_c('q)) + 125 flz((_‘;)). 3.8)

Proof: Our procedure is similar to that of the previous theorem. We establish (3.8) first,
but with g replaced byg?.
By (2.8), (2.7), (2.15), and (2.16),

(3.9)

50 _ 7" <a5<1—a>5)”“ _ 2?m3/2< 2-p )6
f3(-q'%  1627°\ B(1—-P) 64 \1+2p/
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Hence, from (3.9), (3.5), (2.7), and (2.11),

f15(_q2) ) f6(_q10) 4 le(_qIO)
W(l ey f12<—q2>)

f6(_q10) le(_qlo)
2 4
X/szq T ]

_z?m3/2 2-p\°®
~ T64 \1+2p

p? p*
X (1+4<1+2p><2— 2 At 2p22— p>4>

F@ =

p p*
x |14 22 +125
/ (1+2p(2-p)? (1+2p22- p)*
6
= & 3/2(4+8|0 6p® — 6p° + 9p* — 5p° + p%
x 4+ 8p+ 12p2 + 12p3 + 9p? + 4p5 + pb
6

= m3/2(1+p p*)(4+ 4p — 6p* + 4p° — p*)

x v/ (1+ p?)(4+8p+8p2+ 4p3 + ph). (3.10)

Using (2.17) and (2.11), we can write (3.10) in the form

44 4p— 6p? + 4p3 —
T P s e L 7 B - BT R

8(1+2p)
Y NGAL A Lk z(‘llpi;pr;“)(u 2p + )
—Aa-2p> 0t 22?; —p°
= 22(1—25><1+ gf%;g;)

=Z2(1-2)(1+ 381 - B))

=Z2(1-28)(1-38)1+5B)

= R(q), (3.12)
where in the antipenultimate line we used (2.16), and in the last line we used (2.10).
Combining (3.10) and (3.11), we deduce (3.8), but wjtteplaced byy?.

The proof of (3.7) is almost exactly like the proof of (3.1), but, of course, we use (2.4)
instead of (2.3). O
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The next two results are algebraic combinations of the pairs of representations in Theo-
rems 3.1 and 3.2.

Theorem 3.3(p. 51) Let A= Q(q) and B= Q(g®). Then

f10(— q) (=g
vV A2+ 94AB + 625B2 = 12f( g +26qf4( o) f4—q° + 125q2ﬂ>.
(3.12)
Proof: Set
= :i(__q(g; D=qf*-q)f*%-g®, and E=q f:E 3? (3.13)
Note that
CE=D. (3.14)
Equalities (3.1) and (3.2) now take the shapes
A= C?4250D + 312562 and B = C?+ 10D + 5E?, (3.15)
respectively, and the proposed equality (3.12) has the form
VA2 + 94AB + 625B2 = 12v/5(C2 + 26D + 125E2). (3.16)

Substitute (3.15) into (3.16), square both sides, use (3.14), and with just elementary algebra
(3.16) is then verified. O

Theorem 3.4(p. 51) Let A= R(g) and B= R(g®). Then

VB(A + 125B)2 — (126)2AB

_ f1O— Q) 4 40_o5 2
= 252 +62qf( a) f*(—0g>) + 125

F1(—q®)
ey )

f2(—q)
f20(—g®)
f2(—q)

(3.17)

x M +22qf4(—q) f4(—q°) + 12592
f2(—a%)

Proof: We employ the notation (3.13). Equalities (3.7) and (3.8) then may be written as,
respectively,

A = (C®—-500CD — 5°DE)y/1+ 22E2/D + 125E4/D?2 (3.18)

and

= (C®+4CD - DE)/1+ 22E2/D + 125E4/D2, (3.19)
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and the proposed equality (3.17) has the form

V5(A+125B)2 — (1262AB = 252(C2 + 62D + 125E2)/C2+ 22D + 125E2.  (3.20)

Square (3.20), use (3.18), (3.19), and (3.14), and simplify to verify the truth of (3.20).

Our next goal is to establish a differential equation satisfiedty), defined by (1.1).
We need two lemmas.

Lemma 3.5. Recall that @q) and R(q) are defined byl1.2)and(1.3), respectively. Let

f(_q5)>6. (3.21)

u:=q"*f(-q)f(-g® and xr:= q< )

Then
Q@) = u4(% + 250+ 5%) (3.22)

and

R(Q) = UGG —500— 5‘%\) ,/% + 22+ 125 (3.23)

Proof: Identities (3.22) and (3.23) are obtained from (3.1) and (3.7), respectively. For
example, by (3.1) and (3.21),

f6(—q) fo(—0
= qf*(—q) f*—q° (7 + 250+ 3125 )

1
= u“(X + 250+ 55,\> )

Lemma 3.6. Recall that f(—q) is defined by2.1). Then

o qu o kq5k
1+6 -30) ———
;1_qk ;1_q5k

- / £12(—q) + 22q15(—q) 5(—q®) + 12592  22(—q®)
B f2(—q) f2(—q® '

Lemma 3.6 is part of Entry 4(i) in Chapter 21 of Ramanujan’s second notebook, and a
proof is given in [1, p. 463]. We give here a new short proof, based on Lemma 3.5.



EISENSTEIN SERIES 91

Proof: Using Ramanujan’s differential equations [4, Eq. (30)], [6, p. 142],

— Y
dQ_PQ-R _ . ,9R_PR-Q

= b 3.24
dq 3 dq 2 ( )
we deduce that
dQ dR
3 p2_ U< an
Q° - R =3gR aq 2q9Q dq’ (3.25)
From (3.22) and (3.23), we find that
u12
QP-—R2= 1728A—2, (3.26)
dQ (1 s\ du L,/ 1 o) da
aq =4u <k+25o+5x dq+u AZ+5 dq (3.27)
and
dR 1 1 du
— =6u®( = —500— 5% |,/ = + 22+ 125\ —
dq " <k ) n et dq
3u®(1 — 152 + 52501” + 250000.° + 1953125.) di (3.28)

2)3,/1 4224 125 dq

Using (3.22), (3.23), (3.27), and (3.28) to simplify the right hand side of (3.25), we deduce
that

10
0 Re=3qRI9 _2q0 IR _ 1728 - q .
dq dq 33 /14224125 99

Combining this last equation with (3.26) yields

q g_; = uzk,/% + 22+ 125.. (3.29)

On the other hand, by straightforward logarithmic differentiation,

dx 2 koK . ko«
qﬁ_k(1—30§m+6zl_qk . (3.30)

k=1

If we combine (3.29) and (3.30), we deduce Lemma 3.6. O
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Theorem 3.7(p. 44) Let P(q) be defined byl.1). Then

P = D 2
Q = f(_qs)( 1+ 22 + 1252 — 30F (1)) (3:31)
and
P 5\ f5(_q) 2
@) = f(_(f_))( 1+ 220 + 1252 — 6F (1)), (3.32)

wherea is defined in3.21) and where KA) satisfies the nonlinear, first order differential
equation

25 5
1+ 7\ + 5 F2(0) = F'(M)V1+ 22 + 125:2. (3.33)

Proof: Assume thafF (1) is defined by (3.31), so that (3.31) is trivially true. By (1.1) and
Lemma 3.6, we have

5P(@%) = P@ _ f°0) /o e
" = 1+ 221 + 125:2, (3.34)

with A defined by (3.21). If we substitute (3.31) into (3.34) and solvePfar®), we deduce
(3.32). It remains to prove th&t (i) satisfies the differential equation (3.33).

From (3.24), (3.22), (3.23), and (3.29), we find that, with the primdenoting differen-
tiation with respect tq,

’ 2
P(q) = 12un - 2%\/1 + 220 + 1252, (3.35)

Differentiating (3.35) with the help of (3.29), we deduce that

dpP JA1282 -1 uw? /v TAN
— =—-U"———4—(g— |V1+22.+ 1252 +1 — . :
qdq u y ﬁ(qu> + + 1252 + 2q<qu) (3.36)
Next, by using another differential equation of Ramanujan [4, Eq. (30)], [6, p. 142],

dP _ P?—Q
99 = 12

(3.37)

(3.22), (3.23), (3.35), and (3.36), we conclude that

AN N\ 2 4
12q(un> - 12<q%) _ _2“7 (1+ 1252 + 184). (3.38)
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We now identify Ramanujan’s functioR (). By comparing (3.31) and (3.35), we con-
clude that

2 UVr 1
FM) = —=q—— + —=Vv1+ 220 + 1252, 3.39
@) 57u u? + 10 + + (3.39)
Rewriting (3.39) in the form,
F) 1 2 U1
— - —— 1422+ 12592 = ——q——, 3.40
Vi 10V 5 uu? (3.40)

and differentiating with respect tp we deduce that

1u2 [1+ 22+ 1252 1 dF() u?125:2-1
I [/ T FD+ —q - —
2./x A VA dg 20 A
2 v\ 1 2/ u)\?
__*° bl R e I A1
5[q<qu> 72 u2<qu> } (3.41)

Using (3.38) and (3.40), we may rewrite the right hand side of (3.41) and deduce that

1u? [14220 41252 1 dF() u?12%:2-1
— | T F ) + =9 - =
2./ by A dg 20 A

L1418+ 1252 5 ,F2()  ,1+4 22\ 4 1252
w4 +u

400 2 A 401
1
— u2Z FOOV1+ 22 + 125:2. (3.42)
Simplifying (3.42) with the use of (3.29), we deduce Ramanujan’s differential equation
(3.33). O

4. Quintic identities (Second method)

The alternative method to proving Theorems 3.1, 3.2, and 3.7 that we present in this section
is more constructive than that in Section 3, but, although no less elementary, is perhaps
slightly more removed from procedures that Ramanujan might have employed. On the
other hand, the method here is more amenable to proving further theorems of this sort,
especially if one does not know their formulations beforehand.

We begin by introducing some simplifying notation and making some useful preliminary
calculations. Set

_(FPa-p%\"*
P1 = (m) , (4.1)

_ 055(1—05)5 1/24
p”‘(ﬁﬂ—@) ’ (4.2)
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and
z
C.= . 4.3
TN (4.3)
Observe that, by (2.18) and (2.19), respectively,
m-1
P = s (4.4)
and
5-m
It follows that
5 5
_ 5 mM—-1/5-m\" (Mm-DH(m-39)
R e e -
and
5 5
5 m-—1\"5-—-m (m—-—1)>(m->5)
We also note that, by (4.3),
5
4 __ 4 B _e (4.8)
1emd  162(z1/z5)° 162z
and
Zg _ Zg _ Zg — 2 (4 g)
1@m ~ 16(z1/z5) 1622, '
Since, by (4.3),
15
c3_ V% _ ie 1 _ 28
19/z 16 V@/z?  1Em/m
we find that
6 6 6
4 4 _ 5 _ Cimym. (4.10)

168mé 168(25/28) 16

We shall use (4.8)—(4.10) in our alternative proofs of Theorems 3.1 and 3.2.
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In view of (3.1), it is natural to introduce abbreviated notation for certain quotients of
eta-functions. Our goal is to represent these gquotients as polynomials in the muttiplier
First, by (2.8), (4.3), (4.2), and (4.5),

52 \/;52*5/3(0[(1 —a)/q)¥/12
"0 T 2 BB /gD

22 (sta-ry

r

N AN
16C , , 16C ,/5-m\?
= a3 2T e\ 243,
= Cm(m — 5)?, (4.11)

and, by (2.8), (4.3), (4.1), and (4.4),

150y, BZBA— p/e)
fco) 4 Uz P - /g
V2 (pa—pe\e

24/3\/Z_1< a(l—oa) )

16C , 16C/m—1\?
205 PL= i\

= C(m—1)>2 (4.12)

r'=¢

Hence, by (4.11) and (4.12),
rir; = g2 (=g (") = C’m(m - 5)*(m — 2. (4.13)
The following lemma will be very useful.

Lemma4.1. Let

g(m) := CZ<26: ckm") .
k=0
If furthermore, we set, for some numbeis ¥, and X,
9(M) = Xar{ + Xof 175 + Xar 2,
then

X1=Cs, Xp=20C5+20cs, and x =Cg.
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Proof: Since, by (4.11)-(4.13),

X1F 2 4+ Xor 15 + Xar 2 = C?(x3 + M(25%, — 4x3) + M?(625x; — 60X, + 6X3)
+ m3(—500x; + 46x, — 4x3) + M*(150x; — 12X; 4 X3)
+m>(—20x; + X2) + MPxy),

by matching the coefficients of*, k = 0, . .., 6, we find that

Co = X3,

C1 = 25x; — 4Xs,

C, = 625¢; — 60X, + 6X3,
Cc3 = —500x; + 46x, — 4x3,
C4 = 150x; — 12X; + X3,

Cs = —20x1 + X2,

Ce = X1.

Therefore, if the system above is not overdetermined, giism can be expressed as a linear
combination of 2, ryr,, andr2. By solving the linear system of equations,

Co = X3,
Cs = —20x; + X2,
Ce = X1,

for xi, X2, and x3, and noting that;, c,, c3, andc, are then uniquely determined, we
complete the proof. O

We are now ready for our second proof of Theorem 3.1.
Proof of Theorem 3.1: By (2.9), (4.6), and (4.8),

Q@ = Z(1— a(l—a))

_ (m—1)(m-5)°
N lel<1 + 162m° )

_ 4 2 5 5
= 162ms(16 m> + (m—1)(m—5))
= C3(m®+230m° + ... 4 5°)

=r2+2.5%r, 4+ 573,

upon the use of Lemma 4.1. Replacipgby g, we complete the proof of (3.1).
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By (2.9), (4.7), and (4.9),

Q@™ =1 - BA-p)

4 (m—1)°(m-75)
= 25<1+ —1em )

- 5
= 162m(16 m+ (m— 1)°>(m—5))

= C?(m® —10m° +--- +5)
=r2410rr, 4 5r2,

by an application of Lemma 4.1. Replacig§by g, we complete the proof of (3.2). O
For the proof of Theorem 3.2, it will be convenient to define

D:=m?—2m+5,
E:=m?+2m+5,
F := m? + 20m — 25,

and
Gi=m’—4m-1.

Solving (4.6) and (4.7) and using the notation above, we deduce that

1 /D/mF
€=+t (4.14)
and
1 /D/mG
B = > + — (4.15)

(See also [1, p. 289, Eq. (14.2); p. 290, Eqg. (14.4)].)
Using the notation above and Lemma 4.1, we may readily deduce the following lemma.

Lemma 4.2. For D, E, F, and G defined above, for C defined (@y3), and for r; and
ro, defined in(4.11)and(4.12) respectively, we have

C?DE? =r2 42211, 4+ 5% 3,
C2F(m* — 540m® + 13501? — 14-5°m+ 5% =r2 — 4. 5%y, — 552,

and

C2G(m* — 12m® + 54m? — 108M + 1) =2 + 4ryrp —r2.
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Proof of Theorem 3.2: By (2.10), (4.14), (4.10), and Lemma 4.2,

R(q?) = 22(1 + oz)(l —a/2)(1 - 2a)
=2 163 - (,/D/ F — 24m?)(y/D/mF + 24m?)

__ 4 D/mF((D/m)F? — 242m*
Terp Y D/MF((D/m) )
= (C®my/m)/D/mF(E(m* — 540m° + 1350m? — 14- 5°m + 5% /m)
= V/C2DE2(C*F(m* — 540m® + 1350m? — 14 5°m + 5%))
= \/rf + 22115 + 53 2(rZ — 4. 511, — 5°%)

—\/ 24+ 22105+ 5%2) [r2 ry(r? — 4 5%rurp — 5%3).

Replacingg? by g, we complete the proof of (3.7).
By (2.10), (4.15), (4.10), and Lemma 4.2,

R@Y) =221+ )L - B/2(1 - 2B)
“D/ G(,/D/mG 24)(/D/mG+ 24)

—gg,/D/mG((D/m)Gz —24%)

= (C®mym)y/D/mG(E(m* — 12m® 4 54m? — 108m + 1)/ m)
= +/C2DE2(C?°G(m* — 12m® + 54m? — 108m + 1))

= \/rf + 22115 + 53 2(rZ + drarp — 13)

= \/(rf + 2210 + 53 2) /r2 1y (rZ + drarp — r3).
Replacingg? by g, we complete the proof of (3.8). O

We now give an alternate proof of Theorem 3.7. Recall thist defined in (3.21). For
convenience, define

H:=+1+22)0 + 532 (4.16)
and
5(_
3= P9 (4.17)
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Then Eg. (3.1) can be written in the form
Q) = J?(1+2- 5% +5°22), (4.18)
and (3.34) takes the shape
5P(g°) = P(q) +4HJ. (4.19)
Furthermore, (3.29) may be written as

di  AHJ

— = 4.20
aq q (4.20)
By logarithmic differentiation, we deduce that
1 0 1yek—1 0 5k—1
1dI_ gy a5
J dqg ~ 1-—qgk f~ 1-qg%*
1 5
= %(SP(Q) —5P(@”)
1
=_—(5P(q) — (P 4H
24q(5 (@ — (P@ +4HJ))
1
= —(P(@) —HJ
6q( @ ),
or
6q dJ 6q dJ
Pog)=JH+ — —=J(H+—= —. 421
@=3m+ GG =a(n 5 5) (4.21)
Now define
__ad
5J2 dqg’
Then, by (4.21),
P(q) = J(H — 30F) (4.22)
and
dJ 5J%F
— = 4.23
aq q (4.23)
Differentiating (4.16) with respect tb, we find that
22+2.5% 11+ 5%

H'() =

2J/1t22. 1592  H
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Using this, (4.22), (4.23), and (4.20), we deduce that

dpP
q daq - q —(J(H 30F))

dx
d—(H 30F) +qJ d——(H 30F)

5J2

=q

)(H—BOF)+qJ< '; )(H (A) — 30F' (1))
= J?(—5FH + 150F2 + 111 4 5,2 — BOAF/(A)H). (4.24)

On the other hand, by (4.22) and (4.18),

1 2
1—2(P (@ — Q)
= %Z(JZ(H —30F)2 — J?(1+2-5°1 + 5°)2))

J2
12((\/ 1+ 22, + 532)> — 60F H + 30°F2 — (1 + 2501 + 5°)2))

= J%(-5FH + 75F% — 191 — 2. 5%\%). (4.25)
Equating (4.24) and (4.25) by (3.37), we arrive at

25 5
FMOH =1+ =1+ —F?,
) +2 +2)L

which is (3.33).
By (4.19) and (4.22), we deduce that

P@@°) = é(P(Q) +4HJ) = %(H —30F +4H) = J(H — 6F),

which completes the proof of (3.32).

5. Septic identities

Theorem 5.1. For |q| < 1,

f7(—q) 2 3 3, 7 4.2 f7(—q7)>
= 5.7°9f°(—q) f°(— 7qc———
Q@) <f(_q7)+ af-a Fan) + 7P — s

70_ 7_qTy\ /3

5.1
f(—q (=) 1)
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and

f'(—q) 3 3 7 2f7(—q7)>
5qf3(—q) f3(—
f(_q7)+ qf3(—q) f3(—q") +q Ty

f7(—Q) 3 3 7 2 f7(_q7)
139f3(—q) f°(— 4
x(f(_q7)+ (=) F(=q") + 49 )

Q@) = (

We shall prove these identities withreplaced byg?.
For convenience, define

A /2177
4 9

L (Ba-pT\Y
P '_4< ad—a) ) ’

and
701 — o7\ /24
p2 — 4(u> .
B —B)
By (2.8), (2.7), and the definitions above,

oo FEd) VA2 - /)7
TR Tz gy UR

/3,82 3.3
B Z1Z7zl<oz7(1—oz)7>l/12_ le7m2<p2)2

42\ p-p) 4 4
= C3m?ps.
Furthermore,
pp2 = 16(eB(l—a)(1— B)Y*,
ra = q?f3(—g? f3(-q™) = C3p1py,
and
I3 .= 47f7(_q14) = 3ﬁ
' f(—9?) m2’
Thus,

74 2
ri+5-72rp 4+ 7'r3 = C3<mzp§+5- 72pip2 + Tgl>

101

(5.2)

(5.3)

(5.4)

(5.5)
(5.6)

(5.7)

(5.8)
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and

3f 2.2 49p7
ri+ 132+ 493 =C°( m*p; + 13p1p2 + )
Now define
T =@ - 1-a)1-p"-
Then, by (2.21) and (2.22),

_1-m
T m

-7

and
T =1 - p2)m.
Eliminating T in (5.11) and (5.12), we deduce that

7 7
mpr+ TP oy L
m m

By (2.20) and (5.10),

1+T

(@B)® = 5

and
aata-pe= 2T
Thus, by (5.5),
pLpe = 16((ap)Y8(1 — )81 — pYY8)2 = (1 — T2

By (2.25), (5.10), (5.14), and (5.15), we deduce that

7 14T\ [1-T\?
m-——=2T(2 —_— —_— .
w5 (57))
Rewriting this, we have the following lemma.

Lemma 5.2. For the multiplier m, and T defined i%.10)

.
m— — =5T 4T3
m

BERNDT ET AL.

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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103
Applying Lemma 5.2 repeatedly, one can derive the following expressions.
Lemma5.3.
m? = 7+ m(5T + T3),
m® = (35T + 7T3) + m(7 + 25T% + 10T* + T9),
m* = (494 175T% 4+ 70T* 4+ 7T9)
+m(70T + 13973 + 75T° 4+ 15T + T9),
1 1 1
= (T8 T -
m 7( +5T) + 7m,
1_ i(7+ 25T2 4+ 10T* + T®) + im(—5T —-T9
m2 49 49 '
Lemmab5.4.
m2p2 4 13py ps + pl — 3+ T2 (5.18)
Proof: By (5.13), (5.17), and (5.16),
m?p3 + 13p1pz + pl = (mpz+ —) — pip2
~(me2) -
~(m- 1Yo
= (T34 5T)>+28— (1-T??
=3+ T
which completes the proof. O

By Lemma 5.4 and (5.9), we find that

49p7

1/3
(r1+ 13 4+ 493)13 = c<m2 p3 ) =C(3+T?. (5.19)

By (5.12),

mp =m-—7T. (5.20)
By Lemma 5.4, (5.20), and (5.16),

ripl B+T)%— (m—7T)% — 13(1— T?)2. (5.21)
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With the help of Lemma 5.3, we can now express eaah,of, andrz in the form
f1(T) + mf(T).
Lemma 5.5.

r, = C3((49T? +7) + m(T2 — 9T)),
r, = C3(T? - 1)?),

C3
ro=45((@+ AT? — 4T+ 7% + m(9T — T3)).

Proof: Use (5.4) and (5.20) to deduce the formularfgruse (5.6) and (5.16) to prove the
formula forr,; and use (5.7) and (5.21) for the formula fgr a

Lemma 5.6. For the multiplier m, and T defined i{%.10)

1
o = m(1+T)(21+ 8m — 21T 4 7T2 — 7T3) (5.22)
and
1
B = 1—6(1+T)(8—3m+3mT—mT2+mT3). (5.23)

Proof: By (5.14) and (5.15), we deduce that

a-pn\" 1-8 _1-8
( 1-« ) S l-a)BA-pYB T (1-T)/2

(5) -
o C@p)VB T 1+ T)/2

7\ 1/8
al __x o
(ﬂ) @8 (1+T)/2’

and
a1-a) 1/8_ 11—« 11—«
1-p S A-o)BA-pYE 1-T)/2
Using these identities, (5.14), and (5.15) in (2.24) and (2.23), and then solving the linear
equations forx andg, we obtain (5.22) and (5.23). O

Lemmab5.7. Let

3 1
g(T) = Cs(Z ek T+ mZ d2k+1T2k+l) .

k=0 k=0
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g(T) = Xar1 + Xof 2 + Xar3,
for some real numbers; xxo, and X, then
Xg =03 +Cs, Xp=0Cs+4C, and x =49%s.

Proof: Since

1 4
(Xar1 + Xof 2 4 Xar3)/C3 = <7x1 + X + 7X3) + (49x1 — 2% + 4—9X3>T2

4 1
_ T4 el T6
+ (Xz 49Xg) + 4.9X3

9 1
+ m{ (—9X1 + EX3>T + (Xl - EX3>T3},

by Lemma 5.5, we deduce the following equalities.

Cs = Xp — —=X3,

4 2 193
—_1x

Ce 193»

1
dg = X1 — 4—9X3.

Thus, by solving the linear system above %gr x,, andxs, we complete the proof.

We are now ready to prove Theorem 5.1.
Proof of (5.1): By (2.9), (5.3), (5.22), and Lemma 5.3,

Q@) =Z(1-a+o?
4
= <V le7> @M1 - o+ a?)

4
= C*3+ T?)(147+ 64m? + 112mT — 245T% — 112m T3
+49T% + 49T°)
=C@B+T? . C3147+ 647+ m(5T +T3)) +112mT
—245T2 — 112mT3 4 49T* + 49T°)
= C(3+T? . C3(595— 245T2 + 49T* + 49T°©
+m(432T — 48T3)).

Thus, applying Lemma 5.7, we find that = 1, x, = 5- 72, andxs = 7*.

105

O
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Since, by Lemma 5.5,
r1+5- 721 + 7% = C3(595— 245T 2 4 49T* 4 49T° + m(432T — 48T3)),
we deduce that
Q@) =CE+T? - (r+5-7rp+ 7'ry)
= (N + 132+ 4931 +5- 72rp + 7ra),
by (5.19). Thus, replacing® by g, we complete the proof of (5.1). O
Proof of (5.2): By (2.9), (5.3), (5.23), and Lemma 5.3,
Q@™ = (1~ g+ 5%

4 4
_ (VZ4127> %(1—5%2)

64 16
=C*3+ T2)<—2 + =(-T+T%+3-5T?+T*+ T6>
m m
1
=C*B+T? (64(4—9(7 +25T? 4+ 10T*+T9)
+ 1m( 5T —T% ) + 16 1(T3+5T)+1m (-T+T3
49 7 7
+3—5T2+T4+T6)
C3
=C@B+T?- 4—9(595+ 191572 + 241T* 4+ T
+m(—432T + 48T3)).

Thus, by Lemma 5.%; = 1, x, = 5, andxz = 1.
Since, by Lemma 5.5,

C3
ri+5r+r3= E(595+ 191572 + 241T% + T® 4+ m(—432T + 48T3)),

we deduce that
Q@) =CB+T?  (ri+5r2+r3)
= (r1 + 134+ 493)Y3(ry + 512+ r3),

by (5.19).
Thus, upon replacing? by g, we complete the proof of (5.2). O
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Theorem 5.8. For |q| < 1,

fl(—q) _, 3 7 o3 f7(—q")
R(@Q) = - )—7<5+2f>qf< Q) f3(—q") — 7221+ 8V7)q? -

f
(f7( a)

_ 7
- 76— V71 (-0 F3(—a") - 721 - 8V7)¢? f(—q>))
(5.24)

and

7 7
R<q7>—( (( ; + T+ 20D (0 1(-q") + 21+ BTt~ q))>

£7 7, 7
( - O')+(7 2/ Dqf3(—q) F2(—q") + (21— 8V7)q? ffE_g))).
(5.25)

We shall prove the identities witt replaced byg?.
By straightforward calculations, we deduce the following lemma.

Lemmab.9. If

6 4
C6<Z cxT*4+m Z d2k+1T2k+l> = (1 + Xol2 + Xar3)(r1 + yar2 + yara),
k=0 k=0
for some real numbers,xxs, y», and y, then

24
Cg = X3+ Y3+ XaY2 — (XZY3 + X3¥2) + X3Y3,

8
Ci0 = (X2Y3 + X3Y2) — Xsys,
1
Ci2 = ﬁxs)’s,

18
di = —126— 9(X2 + Vo) + (X2Y3 + X3Y2) + 3 X3Y3.

Proof of (5.24): By (2.10), (5.3), (5.22), and Lemma 5.3,
1 2 z
cs R(@") = §(1+ a)(1—a/2)(1—2a)

6
_ (V:éz7) m345(1 + o) (1 — a/2)(1 — 2a)

= —75411— 9513072 — 1841T* + 3780T° — 102918 — 2058110
— 343712 4+ m(—82152T — 7734413 — 16816T° — 160T 7 + 344T9).
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If we use Lemma 5.9 to find real solutiois,, X3, Y2, y3) satisfyingx, < y,, we find
that

Xo = —72(5+ 2v7), X3 = —73(21+ 8V7),
yo = —72(5— 2V7), Y3 = —73(21— 8V7).

By Lemmas 5.3 and 5.5,

é(rl — 25+ 2V, — 7321+ 8VT)r3) (r1 — 72(5 — 24/ T)rp — 7°(21 — 8V 7)r3)

= —75411— 9513072 — 1841T* 4 3780T° — 102918 — 2058710 — 343112
+m(—82152T — 7734413 — 16816T° — 160T ' + 344T°)

1 R(G2
= e @).
Thus we complete the proof of (5.24) after replacifidy q. O

Proof of (5.25): By (2.10), (5.3), (5.23), and Lemma 5.3,

L gty = & _B\a_

ce @) = C6(1+ﬂ)(1 2)(1 2B)
_(vEE\ # _é) _
_< 4C ) m3(1+ﬂ)<l 7))@ 2P)

= 75411+ 50589072 + 470713 * + 1576447 ® + 1864578 + 498710
— T2 4 m(—82152T — 7734473 — 16816T° — 160T 7 + 344T ).

If we use Lemma 5.9 to find real solutiois,, X3, Y2, y3) satisfyingx, > y,, we find
that

Xo =7+ 2V7, X3 =21+ 8V7,
Yo =T7— 27, Yz =21—8V7.

By Lemmas 5.3 and 5.5,

é(rl + T+ 2D+ 21+ 8V ra)(ri 4 (7 — 247y + (21— 8V7)r3)

= 75411+ 50589072 + 470713 % 4 157644 + 1864578 4 498710
— T 4+ m(—82152r — 7734413 — 168161° — 160T ' + 344T9)

1
== R(@™).

Thus we complete the proof of (5.25) after replaciffdy g. O
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6. Septic differential equations

In this section, we derive two new septic differential equationgar), defined in (1.1).
Bothinvolve variations of the same variable, but one is connected with the beautiful identities
in Theorem 5.1, while the other is connected with an emerging alternative septic theory of
elliptic functions, initially begun in a recent paper by Chan and Ong [2].

Theorem 6.1. For |q| < 1,

F=\*?
P@Q) = ( f(_q7)) (1 + 13 4+ 492?32 — 28F (1)) (6.1)
and
() **
P@") = < : (_q7)> (1+ 131+ 4937 — 4F (1), (6.2)
where
=g
BRRTTES

and where KA) satisfies the nonlinear, first order differential equation

28 TF2() .
1+ —1+ . @) =F'(A)v1+ 131 + 492, (6.3)
3 3av/1+ 13) + 492

For convenience, define

H:= v1+ 13\ + 492

and

f7(—q)
J = .
f(—q"

Then the identity (5.1) in Theorem 5.1 can be written in the abbreviated form

Q@ = J¥3(1+5- A + TAHH. (6.4)
Lemma 6.2. For|q| < 1,
7P(q") = P(q) + 6H2J%3,

This lemma is Entry 5(i) in Chapter 21 of Ramanujan’s second notebook [1, p. 467].
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Proof of Theorem 6.1: Since
logx = logq + 4 log f (—q”) — 4 log f (—q)

=logq + 42 log(1—q™) — 42 log(1—q“),

k=1 k=

differentiating both sides with respectdowe deduce that

1dr 1 X (=700t (=gt
- === 4 AL A S/ Y A .

)

(1 282 7k+ i

= H2J%3/q. (6.5)

Similarly, we deduce that

(kg H (=Thg™
-7 — e
Z 1— qk = 1_q7k

_ X P - 7P
4q( (@ @

— —_(7P() - (P(q) + 6H23%"))

24q
— L(P@ - H2I%),
4q
Thus,
dJ 4q dJ
P = J?3H? ﬂ_ — J23( H2
@ + J dg RINTE J53 dqg
Now define
_ g dJ
7353 dg’
Then
P(q) = J%3(H? - 28F) (6.6)
and

dJ _ 735°F

dg q

(6.7)
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By the fact that

2(1342-7°))

H?)' =2HH =
(9 3H

and (6.6), (6.7), and (6.5), we deduce that
a9 L (P(@) = q - (J3(H? - 28F)
dg dq

_of27-13\ 99 2 32 d o
_q<3J )dq(H 28F) +Q97° g (H? - 28F)

(2. 7I°RFN
—a(209) (<22 Yoo
AH232/3
+qJ2/3<—q‘] )((H2>’ — 28F)

2J4/3
-3

On the other hand, by (6.6) and (6.4),

(—7TFH2+4.7°F2 4+ AH(13+2- 7?1 — 42F'H)). (6.8)

1 1
1—2<P2<q> - Q@) = 1—2(J4/3<H2 —28F)2 — J*3(145- 7?1 + T\ H)
J4/3
= 7 (@+13 + 49 H — 56F H? + 28°F?
— (145 -7’1+ 7%9H)
2343

=3 (—7TFH24+2.72F2 - AH(29+ 6 - 7%))). (6.9)

Equating (6.8) and (6.9) and using (3.37), we obtain

, 28 7,
FOOH =1+ 20+ oo F2

which is (6.3), and by (6.6), we complete the proof of (6.1).
By Lemma 6.2 and (6.6), we deduce that

1 2/3
which completes the proof of (6.2). O

Theorem 6.3. Recall that Rq) is defined in1.1). Let

[ee]

2 2
7= Z qm +mmn+-2n

m,n=—00
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and define x by

4
1_X=i(f(_m> . (6.10)

Then
P(@ =7"(1+12F(x)) and P@Q") =Z*(1+ £F.(x),
where R (x) satisfies the differential equation

d Fl(X)
dx

2 x> +13x 7 X(B+X)
X(1—X) + F2(X) + = F1(x z -
@=0+ 00+ 3R e T 97 x+ 22

0. (6.11)
Proof: Throughout the proof, the primadenotes differentiation with respectdo

In [2, Eq. (2.27)] it was shown that

,7 — 53 — 3x?

Pla)=z 7—Xx+x2

+ 12q§. (6.12)

Using the same method that was used in [2], we can also show that

Z23x>—5% +49 12 7

7 —
PO =SS5z + 797 (6.13)

If we write P(q) = H +7J andP(q’) = H + J, we find from (6.12) and (6.13) that

H=2 and J=-—-Z2c— "+
7 7—x—|—x2+7q

4, X +13% 12 7
z
Hence, we may let
P(@ =Z2(1+12F(x)) and P(q)) = Z(1+ ¥Fi(x)),
where

1 x2+13 qZ

Fl(X) = _577_)(_’_)(2 ?E (614)

Now,

V4
(-2 -(2)] e
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Since [2, Eq. (2.30)]

zZ\ Z\? X2 —2x — 7
CI(q—) —(q—) =—224x(1—x)7(7_x+xz)2,

and, by (6.14),

22 X% 4 13x

2
——— + R (%),
37—x+x2+ 1(X)

Z/
QE =

we may rewrite (6.15) as

1x2+13x\ 1 22 —2x—7 74 ([ x2+13x \°
F ) =22 (10— - = | ———
q< l(X)_'_C%?—x—|rx2) 22{ X( X)(7—x—|—x2)2 9<7—x+x2)
2 X2 + 13x
A2 4
—Z'Ff(x) — §Z Fl(x)m} . (6.16)
Simplifying (6.16) with the aid of the differentiation formula [2, Thm. 2.4]
dx 22
— = —x(1-x),
dg ¢
we obtain Theorem 6.3. O

The differential equation of Theorem 6.1 was discovered by Raghavan and Rangachari
[3] and can be deduced from (6.11) by setting

Fi(x) = —g FO) (3/ 1+13% + 4912) B (6.17)

wherea is given in Theorem 6.1. From (6.17),

AR _ dR &
dx  di dx
_ 1(dF() 1 20, 13498 da
3\ di (1+130+4922° 3 7T (14130 +4%2)%3 ) dx’
(6.18)
since
da _ 1 1
dx ~ 7(1-x)?’

by (6.10). Substituting (6.18) and (6.17) into (6.11), we easily deduce the differential equa-
tion given in Theorem 6.1.
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